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ABSTRACT 
This study targets dynamic behavior of interacting dislocations associated 

with PSB (Persistent Slip Bands) ladder structures, ultimately responsible for 

fatigue crack initiations, based on FTMP (Field Theory of Multiscale 

Plasticity), applied to simulation results by dislocation dynamics. Focus is 

place on the stable/unstable of the dislocation systems in terms of FTMP-

based incompatibility tensor field in particular via the attendant phase-space 

trajectories (PhS-Ts). The stable responses are shown to be manifested as 

the limit-like loci on the PhS-Ts, whereas the unstable responses mainly due 

to cross slip-driven vacancy-type debris loop generations are specifically 

represented by the incompatibility rate, i.e., the quantity well correlate the 

frequency of the debris loop formations. The incompatibility rate, used here 

as the ordinate of the PhS-Ts, can be interpreted as the creation/annihilation 

rate of edge dislocation pairs, in the FTMP-based context, which 

corroborates the correlation result. 

 
 

1. INTRODUCTION  
Crystalline materials under cyclic loadings show various variations of dislocation 
substructures in response to loading state [1, 2, 3, 4]. It is important to capture the evolution 
and morphology of the substructures properly because they dominate the mechanical 
responses of metals. The decisive method, however, has not been established due to its 
complex morphology. This is a major problem in the field of crystal plasticity. 

Dislocation dynamics are commonly used for simulating meso-scale phenomena [5, 6, 7, 
8, 9]. It can directly model dislocation sub-structures from experimental observations with 
less ad-hoc assumptions compared to continuum models. The configurations of dislocation 
ensembles are commonly captured by the dislocation density tensor [10, 11, 12, 13], however, 
using the tensor is not a sufficient way because it does not fully contain the information of 
configurations, i.e., it vanishes when counting dipoles or holds same value even whether two 
dislocations closely approach or not. Although the dislocation density tensor is useful for 
evaluating dislocation systems because its geometrical image is connected to the dislocation 
itself, the problem has been a long-standing issue in crystal plasticity. 

To solve this problem, we have proposed the concept of FTMP (Field Theory of 
Multiscale Plasticity) [14, 15, 16, 17, 18, 19]. The FTMP is based on non-Riemannian 
plasticity [20, 21, 22], which represents defects in solids as the torsion tensor and the curvature 
tensor. 
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The former is known to be translational defects, thus dislocations, while the latter expresses 
rotational defects; general defects such as vacancies, interstitials, and so on. The torsion tensor 
and the curvature tensor correspond to the dislocation density tensor and the incompatibility 
tensor, respectively. The key concept of the FTMP is to capture the evolution of dislocation 
ensembles as evolving inhomogeneity, i.e., the inhomogeneous field can be captured by 
incompatibility tensor since the tensor holds configurational aspects of dislocation ensemble. 
We have studied collapsing mixed dislocation walls [23], GNBs (Geometrically Necessary 
Boundaries) [24], and lath walls [25] by using the dislocation dynamics and evaluated based 
on the FTMP. These results show that the FTMP-based evaluation enables us to discuss the 
stability or instability of dislocation substructures. 

The substructures, especially PSBs (Persistent Slip Bands) is a dominant factor of crack 
initiation [26, 27, 28, 29, 30, 31]. In the PSBs, which consist of dense edge dislocation dipole 
walls and dislocation poor channels, the dislocations move with back-and-forth motion under 
cyclic loading. They annihilate each other when a glide dislocation loop from one wall reaches 
another dislocation loop from an opposite wall, which generate vacancies or interstitials. 
These outcomes diffuse into matrix and cause intrusions or extrusions [26, 32]. Our earlier 
study shows that the vacancies diffuse to surfaces through the dislocation walls even if they 
generate from either the dislocation walls or the channels [33]. Thus, the PSBs are media of 
vacancy transfer, leading to crack initiation. The direct simulations and evaluations of the 
PSBs could be essential for multiscale modeling of fatigue simulations. 

In this paper, we simulate the PSBs and apply the FTMP-based scheme to those. Our aim 
is to study dislocation interactions of PSBs and quantitatively evaluate these phenomena. This 
paper is organized as follows. In Section 2, we describe the mathematical foundations 
regarding to the FTMP-based evaluations. Sections 3 and 4 discuss PSB models in FCC and 
BCC, respectively, mainly focusing on the stability of the system and the effect of cross slip. 
 
2. THEORETICAL BACKGROUND 
Field theory of plasticity (FTMP) aims at explicitly describing evolutionary aspects of 
deformation-induced inhomogeneities in materials, putting its major basis on the non-
Riemannian plasticity, i.e., differential geometrical field theory, advocated originally by 
Kazuo Kondo [22]. In FTMP, the attendant flow-evolutionary law, holding between the 
incompatibility tensor and the energy-momentum tensor fluctuation, has been demonstrated 
to control the field evolutions in many respects, although it is still a working hypothesis. The 
incompatibility tensor, among others, plays exclusively important roles, which allow 
reproductions of experimentally observed dislocation substructures simply by introducing the 
associated degrees of freedom into the constitutive model to be used via the hardening law in 
the crystal plasticity-implemented FEM (CP-FEM). 
The incompatibility tensor is defined as, 
 

𝜼𝜼𝒊𝒊𝒊𝒊 = 𝛜𝛜𝒊𝒊𝒊𝒊𝒊𝒊𝛜𝛜𝒋𝒋𝒋𝒋𝒋𝒋𝝏𝝏𝒌𝒌𝝏𝝏𝒎𝒎𝜺𝜺𝒍𝒍𝒍𝒍
𝒑𝒑                                              (1) 

 
where 𝛜𝛜𝒊𝒊𝒊𝒊𝒊𝒊 is permutation tensor, 𝜀𝜀𝑖𝑖𝑖𝑖

𝑝𝑝  is plastic strain tensor, 𝜕𝜕𝑘𝑘 = 𝜕𝜕/𝜕𝜕𝜕𝜕𝑘𝑘, and Einstein 
convention is used. Equation (1) means that the incompatibility tensor reflects the deviation 
from the compatibility condition. The dislocation density tensor is represented by using the 
plastic distortion tensor 𝛽𝛽𝑖𝑖𝑖𝑖

𝑝𝑝 , as 
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𝜶𝜶𝒊𝒊𝒊𝒊 = −𝝐𝝐𝒊𝒊𝒊𝒊𝒊𝒊𝝏𝝏𝒌𝒌𝜷𝜷𝒍𝒍𝒍𝒍
𝒑𝒑                                                     (2) 

 
Since the plastic strain tensor is the symmetrized part of the plastic distortion tensor, i.e., 𝜀𝜀𝑖𝑖𝑖𝑖

𝑝𝑝 =
1
2
�𝛽𝛽𝑖𝑖𝑖𝑖

𝑝𝑝 + 𝛽𝛽𝑗𝑗𝑗𝑗
𝑝𝑝�. Substituting it into Equation (2), we get 

 
𝜼𝜼𝒊𝒊𝒊𝒊 = −𝛜𝛜𝒊𝒊|𝒌𝒌𝒌𝒌|(𝝏𝝏|𝒌𝒌|𝜶𝜶𝒋𝒋𝒋𝒋)                                                (3) 

 
Equation (3) indicates that the incompatibility tensor is calculated from the curl operation of 
the dislocation density tensor, thus, it is a non-local tensorial quantity. Since the non-locality, 
the incompatibility tensor could involve the information of the configuration of dislocation 
systems, which the dislocation density tensor does not hold. 

Extended definition of the incompatibility tensor in four-dimensional (4D) space-time 
[19] is used in formulating the flow-evolutionary working hypothesis. Based on the 
divergence-free condition for the extended incompatibility tensor, 
 

𝜂𝜂𝑖𝑖𝑖𝑖 =∈𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 𝜕𝜕𝑘𝑘𝜕𝜕𝑚𝑚𝜀𝜀𝑙𝑙𝑙𝑙
𝑝𝑝                                             (4) 

 
we ultimately obtain, 
 

𝜂𝜂𝐾𝐾𝐾𝐾̇ = −𝑑𝑑𝑑𝑑𝑑𝑑 𝜂𝜂𝐴𝐴4 with 𝜂𝜂𝐴𝐴4 = −(𝛼𝛼𝐵𝐵𝐵𝐵̇ )𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠                             (5) 
 
where ( )𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  means skew-symmetrization operation, i.e., (𝛼𝛼𝐵𝐵𝐵𝐵̇ )𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≡  1

2
(𝛼𝛼𝐵𝐵𝐵𝐵̇ − 𝛼𝛼𝐶𝐶𝐶𝐶̇ ). 

This relationship can be readily derived from div 𝜂𝜂 = 𝜕𝜕𝑎𝑎, 𝜂𝜂𝑎𝑎𝑎𝑎 = 0, i.e., 
 

𝜕𝜕𝜂𝜂44
𝜕𝜕𝑥𝑥4

+ 𝜕𝜕𝜂𝜂𝐴𝐴4
𝜕𝜕𝑥𝑥𝐴𝐴

= 0 ⇔  𝜕𝜕𝜂𝜂𝐾𝐾𝐾𝐾
𝜕𝜕𝜕𝜕

= −𝜕𝜕𝜂𝜂𝐴𝐴4
𝜕𝜕𝑥𝑥𝐴𝐴

                                 (6) 
 
where the indices in lower-case letters represent those for 4D space-time 
i.e., a, b = 1, 2, 3, and 4 (time), while those in capital letters in Equation (4) express the 
“spatial” counterparts, e.g., A, B C=1,2,3. In the above, 𝜂𝜂44 =∈4𝑘𝑘𝑘𝑘𝑘𝑘∈4𝑚𝑚𝑚𝑚𝑚𝑚 𝜕𝜕𝑘𝑘𝜕𝜕𝑚𝑚𝜀𝜀𝑙𝑙𝑙𝑙

𝑝𝑝 = 𝜂𝜂𝐾𝐾𝐾𝐾 is 
used. The physical meaning of Equation (4) becomes clear when we consider the global form 
of it, together with the divergent theorem, i.e., 
 

𝜕𝜕
𝜕𝜕𝜕𝜕 ∫ 𝜂𝜂𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑𝑣𝑣 = −∫ 𝜕𝜕𝜂𝜂𝐴𝐴4

𝜕𝜕𝑥𝑥𝐴𝐴
𝑑𝑑𝑑𝑑𝑣𝑣 = −∫ 𝑛𝑛𝐴𝐴𝜂𝜂𝐴𝐴4𝑑𝑑𝑑𝑑𝑎𝑎 = ∫ 𝑛𝑛𝐴𝐴(𝛼𝛼𝐵𝐵𝐵𝐵)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠∙ 𝑑𝑑𝑑𝑑𝑎𝑎                (7) 

 
Based on which it reads the temporal change in 𝜂𝜂𝐾𝐾𝐾𝐾 about (or balanced with) the dislocation 
flux across 𝑑𝑑𝑑𝑑 (𝑑𝑑𝑥𝑥𝐴𝐴 surface). Note that, more specifically, what the right-hand side it 
represents is the flux of edge dislocation rate (𝛼𝛼𝐵𝐵𝐵𝐵)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠∙ , as understood from the characteristic 
of the dislocation density tensor whose off-diagonal component reflects edge dislocations. 
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In this study, we obtain the dislocation density tensor from dislocations in a simulation cell, 
and calculate the incompatibility tensor by dividing the simulation cells into sub-cells and 
using least square method. Evolution of the PSBs is to be characterized by Phase-Space 
trajectories (PhS-Ts) of the incompatibility [17]. If a system demonstrates a closed-loop (limit-
cycle) on PhS-Ts, it is regarded as an oscillating system. The PSB models in this study are 
subjected to cyclic loading, therefore, their trajectories are closed-loci if they become stable 
because it states that the models just move in response to the external loading. 
 
3. PSB MODEL FOR FCC 
Stable responses are examined first in terms of the FTMP-based perspectives, by taking a FCC 
model as an example. The PSB ladder wall model system assumed is presented in Fig.1, where 
a pair of straight edge dislocation dipole walls are situated at the center of the unit cell, 
equipped with periodic boundary conditions in all directions, to mimic the PSB ladder 
structure. Cyclic shear stress is applied to the system with two levels of stress amplitude 
conditions of ∆σ= 15,20,25 [MPa], according to 
 

𝜎𝜎13 = Δσ sin �(Time Steps)∗𝜋𝜋
2500

�                                                (7) 
 
up to five cycles. Here, “2500” represents the increment of simulation time steps for the half 
stress cycle, meaning 5,000-time steps per cycle. A use is made of the dislocation dynamics 
code, produced by Zbib et al. [34] in the present series of simulations. The material assumed 
is FCC copper, with material parameters; density 𝜌𝜌 = 8940 [𝑘𝑘𝑘𝑘/𝑚𝑚3], shear modulus μ=46.1 
[GPa], Poisson’s ratio ν=0.34, and the magnitude of Burgers vector 𝑏𝑏 = 2.56 × 10−10 [m]. 

Before the cyclic stressing, the system is fully relaxed until the equilibrium configuration 
is reached. Figure 2 displays variation of dislocation density with simulation time steps during 
the relaxation process, together with the resultant configuration of the wall-constructing 
dislocations, where some fraction of them are already bowed out into the channel region. The 
bowed-put segments have the screw nature, whose to-and-fro motions are substantially 
responsible for carrying the plastic deformation of the system, i.e., PSB ladder structure [2]. 

Figure 3 shows series of snapshots during the first two cycles, comparing the three stress 
amplitudes. Commonly observed are the screw segments, coming out of the edge dipole walls 
toward inside the channel region at the center of the simulation cell during the first half cycle 
(1,000 steps), exhibit backward motions toward outside in the next half cycle (5,000 steps), 
while the remaining screw segments interact each other within the central channel, with some 
forming screw dipoles during their back-and-forth motions. Note that such screw dipoles 
basically act as obstacles against the other “flow-carrying” populations in general in the 
present context. Similar trend is confirmed in the following cycle (10,000 to 15,000 steps) but 
with some marked distinctions start to appear among the three; i.e., the case with ∆σ=15MPa 
yields almost commensurate configurational changes of the dislocations with the first cycle, 
whereas that with ∆σ=20MPa does not, where nearly synchronizing motions - the dislocations 
move back and forth without interactions in the channel - of them are observed at 15,000 steps, 
with the help of annihilations of redundant screw dipoles that are apt to interrupt the group-
wise movements. The case with ∆σ=25MPa also demonstrates back and forth motion 
cyclically after 15,000 steps but continues to interact inside the channel region due to the 
highest external stress. 
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Figure 1 Computational model of PSB for FCC. Only mobile dislocations are 
considered. 
 

 
Figure 2 Simulated results for relaxation configuration of PSB model. Variation of 
dislocation density and configuration at which last step are shown. 
 

Figure 4 plots the corresponding system-wise strain rate variation comparing the two 
conditions, each demonstrating transition toward a sort of equilibrated state. The case with 
∆σ=15MPa yields rapid saturation during the first two cycles before reaching the equilibrium, 
while the other case with ∆σ=20MPa is shown to be still in the middle of transition even during 
the second cycle, after which exhibits rate change at higher strain rates due to the annihilation 
of the dipole, which is shown in Figure 3. Such relatively complex behavior simply stems 
from interaction with the dipoles. Increasing further the stress amplitude, on the other hand, 
the flow-carrying dislocations tend to move rather in unison, as confirmed in the case of 
∆σ=25MPa, because such high enough external stress can facilitate them to overcome the 
incidentally produced dipoles 
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Figure 3 Snapshots of PSB models for both stress amplitude. Screw dipoles are 
generated, and they annihilate in lager stress amplitude model. 
 

 
Figure 4 Variations of strain rate for FCC models. 
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For the purpose of visualizing the above observations about the transitions toward their 
equilibrium states, we utilize here the FTMP-based phase-space trajectory (PhS-T) [17] of the 
incompatibility tensor field 𝜂𝜂𝐾𝐾𝐾𝐾, defined as the plot between 𝜂𝜂𝐾𝐾𝐾𝐾 and its change rate (time 
derivative) (𝜂𝜂𝐾𝐾𝐾𝐾) ̇. Figure 5 displays thus obtained PhS-Ts for the three stress amplitude 
conditions, while the individual variations of the abscissa and the ordinate, i.e., 𝜂𝜂𝐾𝐾𝐾𝐾 and (𝜂𝜂𝐾𝐾𝐾𝐾)  ̇
with time steps are compared in Figures 6(a) and (b), respectively. Readily noticed from 
Figure 5 is that all of them ultimately yield limit cycle-like loci, i.e., dynamically stable/steady 
states, but with mutually distinct manners. The PhS-T for ∆𝜎𝜎 =15MPa rapidly reaches the 
limit-cycle-like state, after touring around the center of it, whereas that for ∆𝜎𝜎 =20MPa takes 
more time, following a staggering track before reaching the steady state, which finally yields 
almost overlapping loci between the 4th and 5th cycles. Increasing the stress amplitude up to 
∆𝜎𝜎 =25MPa, on the other hand, results again in the closed locus shortly, but not with mutual 
overlaps. The cycle-wise extracts for ∆𝜎𝜎 =25MPa are displayed in the right row in the figure, 
from which we notice each contains large and small loops, while roughly maintaining the 
center. This rather complex behavior in the ∆𝜎𝜎 =25MPa case mainly attributes to a pulsating-
like, quasi-periodic variation in the incompatibility rate (𝜂𝜂𝐾𝐾𝐾𝐾) ̇, as confirmed in Figure 6(b), 
while the center of oscillation for 𝜂𝜂𝐾𝐾𝐾𝐾 in Figure 6(b) has already reached a saturation during 
the first two cycles. 

To be concluded tentatively based on the above PhS-T visualizations is that high enough 
external cyclic stress tends to promote complex but synchronized motions of the flow-carrying 
populations of dislocations, where the complexity is majorly attributed to the attendant 
formations and the following resolutions of the screw dipoles, as well as the interactions 
against them, frequently taken place in the channel regions. Such complexity is demonstrated 
further to be manifested as the pulsating-like variations in the incompatibility rate. Note, the 
incompatibility rate can be paraphrased as the conservation of the rate of edge dislocation 
pairs, as defined in Equation (4), which allows it to be interpreted also as variations of those 
brought about by the localized interactions with screw dipoles, i.e., trapping and unzipping 
against them, in the present context. 
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Figure 5 Phase-space trajectories for PSB models, comparing three stress 
amplitude conditions. 
 

 
Figure 6 Variations of incompatibility and its rate for PSB models, comparing three 
stress amplitude conditions. 
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4. PSB MODEL FOR BCC 
As demonstrated above, stable PSBs tend to exhibit limit cycle-like closed loci on the PhS-T. 
Here, we examine the effect of the cross-slip frequency on the PhS-T in the case of a BCC 
system, assuming α-Fe. To this end, three levels of cross slip frequencies are considered, i.e., 
high, low and without it, where high/low ratio is controlled by the critical stress with one order 
difference in the present series of simulations.  

Figure 7 displays the simulation model used, where a single edge dipole wall is placed at 
the center of the simulation cell with periodic boundaries, consisting of a mobile segment in 
the middle of the wall otherwise immobile, in order to focus on the targeted effect. Stress cycle 
with amplitude of ∆σ=200 [MPa] is applied based on Equation (4) with 5000-step-period. 
Material parameters used in the current set of simulations are as follows: density ρ=7630 
[kg/m3], shear modulus μ=53.8 [GPa], Poisson’s ratio ν=0.334, and the magnitude of Burgers 
vector b=2.485×10^ (-10) [m]. 
 

 
Figure 7 Computational model of PSB for BCC. For computational efficiency, one 
edge dipole wall is considered and only a pinned edge dislocation can glide. 

 
Figure 8 compares series of snapshots ((a) through (f) (final)) among the three cases, 

together with their corresponding equivalent stress contours. By comparing with the case 
without cross slip (WO), we clearly confirm that the cross-slip effect is mainly manifested as 
complex interactions to take place in the channel regions in both sides of the wall, leaving 
ultimately many debris loops. The frequency of it increases with increasing cross slip 
frequency.  

Closer look at the formation process of the debris loops in HF case reveals that the 
distinction starts to occur after the 1st cycle (b), meaning cross slip occurs somewhere during 
the first extension (a), which triggers further cross slips accompanied by local annihilations, 
eventually causing debris loops ((c) and after). This trend can be cross-checked in looking at 
the LF and WO cases, where the same but smaller number of debris loop formations also take 
place in conjunction with more stable to-and-fro motion of the bowing out segment for the 
former, while with no such event at all for the latter. These differences are quantitatively 
represented in Figure 9, where the variations of the number of debris loops are shown. Here, 
the debris loop is defined as a loop consisting of less than or equal to 10 nodes, deducing from 
the results. 
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Figure 8 Snapshots of simulated results of PSB models for BCC. Cross slip causes 
generation of debris loops in channel, together with corresponding equivalent 
stress contours 
 

Further details of the debris loop formation process observed for the HF model, for 
instance, are displayed in Figure 10 in a step-by-step manner via simulation snapshots. Here, 
the distinction among the slip planes that each dislocation segment belongs to is indicated by 
color variations.  

The initially extended segment cross slips already at the late stage of the first forward 
loading (from red to green), as roughly observed in Figure 10, which brings about folding-
back of the cross-slipped segment as soon as the following load reversal starts. During the 
early stage of it, two-step annihilation with the folded-up part takes place, eventually 
generating a large loop extending over four slip planes (red, green, orange and blue) left 
behind. Under the progressing reversed loading, the loop is transformed into a needle-like 
shape composing majorly of edge segments extending on the two slip planes (red and green) 
out of the four, via two more annihilation steps against the screw parts. 
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Figure 9 Variation of the number of debris loops. 
 

 
Figure 10 Snapshots of generation process of debris loops. When reversed 
loading, head of dislocations annihilates with other dislocations, leaving dislocation 
loops. Such generated dislocation loops repeat cross slip and annihilation with their 
dislocations. Finally, edge dislocation loops are left in channel. 
 

Thus, formed edge loops potentially possess the nature of vacancies or interstitials depending 
on the Burgers vector-dislocation line relationship. Since the present case yields for the 
attendant edge pair the former, i.e., vacancies, the frequency of the cross slip is turned out to 
be a significant controlling factor of the vacancy generations associated with the PSB ladder 
structures. Figure 11 shows relationship between the number of cross slip nodes and that of 
the formed debris loops, clearly demonstrating a positive correlation between the two, 
regardless of the case we set in the present study. 
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Figure 11 Relationship between the number of debris loops and the number of 
cross slip nodes. 
 

Let us now see how we observe the above on the corresponding PhS-Ts, compared in 
Figure 12. The HF model exhibits rather stable loci, stagnated around a relatively large 
incompatibility value on the abscissa, accompanied by periodically increasing fluctuating rate 
of it. Contrary to this, the LF case yields unfixed/decreasing incompatibility, wandering 
toward the left on the abscess, while the incompatibility rate does not so fluctuate. The WO 
case, on the other hand, tends to converge eventually to a limit cycle like behavior that 
resembles those presented in Figure5 for FCC metal, as expected, around the commensurate 
value of the incompatibility for the HF case.  

In the above, the incompatibility on the abscissa represents the amount of the shear 
deformation (strain amplitude or range) under the prescribed stress cycle in the present series 
of simulations, whereas the incompatibility rate on the ordinate can count how often and to 
what extent the dislocation segment motions involved are interrupted. Therefore, the 
apparently meta-stable PhS-Ts for the HF case indicate a sort of dynamically balanced 
annihilations and multiplications of dislocations ceaselessly taking place during the flow-
carrying processes, accompanied by efficient productions of vacancy-type debris loops as the 
by product. In other words, a sufficient number of debris loop productions is implied to 
stabilize not only the flow resistance but also the flow-carrying ability of the PSB ladder 
structure. Insufficient debris-loop formations, on the other hand, as in the case of the LH 
model, tend to result both in unstable flow-carrying and lower flow resisting capabilities of 
the structure. 

The argument described above implies the incompatibility rate as a candidate for 
characterizing the flow-carrying capability of the PSB ladder walls based on the discussions 
about the “dynamic equilibrium” of annihilation and multiplication processes in conjunction 
with the debris loop formations 
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Figure 12 Phase-space trajectories of PSB models for BCC. The trajectories of 
each cycle are also shown for three models. Cross slip disturbs configuration of 
trajectories, which are originally showing closed loop. 
 

As pointed out in conjunction with Equation 4, the incompatibility rate 𝜂𝜂𝐾𝐾𝐾𝐾̇  ̇ dictates 
𝑑𝑑𝑑𝑑𝑑𝑑(𝛼𝛼𝐵𝐵𝐵𝐵)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠∙ , which may safely be interpreted as the conservation of the rate of the edge 
dislocations, including edge dipoles, i.e., debris loops in the present context. Figure 13(a) 
compares variation of (𝜂𝜂𝐾𝐾𝐾𝐾̇ ) ̇ along with simulation time steps among the three conditions, 
where the HF case in particular exhibits exclusively peaky as well as growing trends among 
others, that corroborates this interpretation.  

Figure 13(b) correlates the number of debris loops with the amplitude of the 
incompatibility rate for the corresponding trajectory cycle, where the amplitude is calculated 
for each half cycle, as shown in Figure 13(b). The figure demonstrates a positive correlation 
between the two quantities regardless the case. This result can be rephrased further as that the 
incompatibility rate amplitude measures the vacancy-type debris loop formation capability 
within PSB ladder structures. Anticipated vacancy distributions based on the corresponding 
debris loops for the HF and LF cases are shown in Figure 14, demonstrating that vacancy 
formations are apt to occur not only within the ladder wall but also in the channel regions. 

Vacancies produced associated with the PSB ladder walls are supposed further to play 
cooperative roles in promoting fatigue crack initiation processes [28, 32]. A separate series of 
diffusion simulations reveal that vacancy flux produced within the channel tends to flow into 
the wall region first and subsequently diffuse toward the surface along both edges of the PSB, 
promoting resultantly the “intrusion” evolutions thereof [33]. Therefore, the relationship 
shown in Figure 13(b) expresses that (𝜂𝜂𝐾𝐾𝐾𝐾̇ ) ̇ can be not only a measurement of the number of 
vacancies, but also a practical parameter for modeling the fatigue phenomena. 
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Figure 13 (a) Variation of ∑|𝜂𝜂KK|̇  and (b) correlation of the number of generated 

debris loops and amplitude of ∑|𝜂𝜂KK|̇ . 
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Figure 14 Anticipated vacancy distributions based on those of debris loops, 
comparing between high and low frequency cross slip conditions. 
 

5 CONCLUSIONS 
This study extensively discussed discrete dislocation motions associated with ladder-wall 
structures that consist PSBs (persistent slip bands), known to be ultimately responsible for 
fatigue crack initiation in general, in the light of FTMP (field theory of multiscale plasticity), 
i.e., via incompatibility evolutions. Use was made for the evaluations of the phase-space 
trajectory (PhS-T) scheme with respect to the incompatibility tensor field, i.e., the plot of 
incompatibility tensor versus incompatibility rate. The incompatibility rate, based on FTMP, 
represents conservation of the rate of the edge dislocation loops. We also investigated the 
effect of the cross slip by changing the frequency of it. Major results obtained are summarized 
as follows. 
(1) The stable PSBs are shown to be characterized by limit cycle-like loci, with external 

stress-dependent transient states before reaching them. The transitions are mainly 
controlled by screw dipole formations and the attendant interactions against them. Large 
enough stress amplitude tends to allow the flow-carrying dislocation motions to be in a 
synchronized one, resulting in steady PhS-Ts even though dislocation interactions 
frequently occur. 
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(2) The frequency of the cross slip greatly affects stability/instability of the ladder-wall 

structure in the sense that it promotes debris loop formations that further interrupting 
smooth flow-carrying motions of dislocations. Since the debris loops basically organized 
into edge components belong to separate slip planes, formations of them are interpreted 
as equivalent to those of vacancies. 

(3) The unstable responses are demonstrated to exhibit also limit cycle-like loci eventually 
but with temporarily fluctuating incompatibility rate, as visualized based on the PhS-T 
presentations. Consequently, positive correlations are found between the amplitude of the 
incompatibility rate and the number of generated debris loops. 

(4) It is additionally shown that the incompatibility rate-loop formation relationship in (3) 
can allow us to make use of the present finding in modeling continuum mechanics-based 
descriptions of PSB ladder structures aiming at simulating fatigue crack initiation 
processes, e.g., based on FTMP-implemented CP (crystal plasticity) -FEM. 
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