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Abstract

In this paper, the effect of non-uniform main thermal flow on thermoacoustic heat transfer
in a cylinder is investigated. In order to model thermoacoustic phenomenon, the
hydrodynamic and thermal parameters of the flow are considered as the decomposition of
a main flow and oscillating flow. The general and particular governing equations, including
continuity, momentum, energy, and the ideal gas law, are developed assuming transient
two-dimensional viscous flow in cylindrical coordinate. Various functions (linear,
exponential, logarithmic, sine, and Bessel) are considered for the main flow temperature.
From the simplification of the governing equations, a series of ordinary differential
equations have been obtained, which have been solved semi-analytically. The semi-
analytical results of the present study are in good agreement with the analytical results of
previous studies. The results of the present study show that the logarithmic temperature
function for the main flow provides the highest gain of work flux density. However, the
linear temperature function also provides a relatively good gain and can be created more
easily than the logarithmic function.
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Introduction

Thermoacoustics is a branch of engineering science that studies the interactions between thermal and acoustic
phenomena. It focuses specifically on how sound waves are generated by temperature differences, as well as the
effect of sound waves on temperature distribution and heat transfer. The application of thermoacoustic principles
is observed in various fields, including engineering, environmental sciences, and even medical technology. In a
thermoacoustic system, a temperature gradient generates a sound wave, and the sound wave causes pressure
oscillations and work production. Thermoacoustic systems have advantages such as simplicity of structure and
the ability to use low-grade energy sources (solar energy, waste heat, etc.). However, their energy conversion
efficiency is not very high. Therefore, it is essential to study ways to increase their energy conversion efficiency.
Various experimental and theoretical research has been conducted on modeling the basic principles of
thermoacoustic phenomenon and its applications, some of which will be reviewed below.

Kramers (1949) modeled thermoacoustic oscillations in a closed-ended cylinder under temperature gradient using
boundary layer theory [1]. His modeling results differed greatly from experimental observations. From his results,
it can be concluded that boundary layer theory is not a suitable tool for modeling thermoacoustic phenomenon.
Rott (1969) developed a new theory for analyzing thermoacoustic phenomenon assuming transient two-
dimensional viscous flow [2]. His theory involved the decomposition of a main thermal flow and thermoacoustic
oscillations. Rott’s theory is currently used to analyze thermoacoustic heat transfer in many practical applications.
Wau et al. (2001) investigated the thermoacoustic heat transfer of a ferromagnetic fluid under an external magnetic
field [3]. They pointed out that heat transfer in a ferromagnetic fluid can be improved by generating a
thermoacoustic wave and a magnetic field. Dai et al. (2006) presented a method for determining the optimal
operating frequency of thermoacoustic systems based on linear acoustic wave theory [4]. Their results showed
that there is a turning point for the volume flow rate that optimizes the system operating frequency. This turning
point is located at the boundary of the flow velocity node. Tasnim et al. (2011) modeled thermoacoustic flow and
heat transfer in a porous medium [5]. They used the Brinkman-Forchheimer extended Darcy model and obtained
analytical expressions for the oscillating velocity and temperature and energy flux density. The analytical results
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of their research provide a useful tool for designing porous media (stacks) in thermoacoustic systems. Kam et al.
(2016) simulated the propagation of thermoacoustic wave in a two-dimensional enclosure [6]. They solved the
Navier-Stokes equations using a combined finite difference method and a lattice Boltzmann network. Compared
to conventional linear analytical solutions, the numerical solution carried out has higher accuracy and can take
into account the nonlinear effects of thermoacoustic wave propagation. Gant et al. (2021) numerically investigated
the effect of time delay and noise on an inviscid thermoacoustic wave [7]. Their results show that the presence of
a time delay in the thermoacoustic model preserves the intrinsic thermoacoustic states in the dynamic behavior of
the system. Also, including noise in the thermoacoustic model provides a more realistic dynamic behavior of the
thermoacoustic system performance. Liu et al. (2022) studied the intrinsic thermoacoustic instabilities in
thermoacoustic systems [8]. The main instability factors include acoustic disturbances, flow oscillations, and
pulsation of heat release. They pointed out that even if acoustic disturbances are removed from the thermoacoustic
system, thermoacoustic instabilities due to the fluctuations of flow and heat transfer still exist. Yang et al. (2023)
theoretically investigated the thermoacoustic flow and heat transfer of a plasma fluid under a magnetic field [9].
Their research results provide basic concepts for the design of closed-cycle MHD generators. Blanc and Ramon
(2024) studied the thermoacoustic flow and heat transfer in a radiant energy absorbing medium theoretically [10].
Their research results showed that radiation-driven thermoacoustic systems have higher performance than
conventional thermoacoustic systems. They also pointed out that the performance of radiation-driven
thermoacoustic systems is highly dependent on the matching of the heat time delay and the acoustic oscillations
period. Huang et al. (2025) simulated the effect of axial structural vibrations on the dynamic behavior of
thermoacoustic systems [11]. They solved the nonlinear governing equations of the problem using the large eddy
simulation method. Their research results provide in-depth knowledge regarding the interaction between intrinsic
thermoacoustic instabilities and axial structural vibrations in thermoacoustic systems. Misra and Banerjee (2025)
theoretically studied how thermoacoustic shocks form in complex plasma flows [12]. They solved the Bateman-
Burgers equations in the presence of a series of nonlinear terms related to the motion of charged particles in the
plasma. Their results include investigating the effect of various parameters including thermal diffusion, thermal
feedback, heat capacity, viscosity and particle collision on thermoacoustic shocks. Merk et al. (2025) introduced
a new framework based on the Jacobian method to predict the dynamic behavior of thermoacoustic waves under
jump conditions [13]. Their proposed framework has the ability to predict the dynamic behavior of thermoacoustic
waves under various physical conditions, including different Mach numbers, real gas properties, combined and
entropic oscillations, etc. In previous researches [1-13], the effect of various design and operating parameters on
thermoacoustic flow and heat transfer has been investigated. However, the effect of non-uniform main thermal
flow on the dynamic behavior of thermoacoustic waves has not been investigated. Investigating the effect of the
main thermal flow type can provide new ideas for improving the process of thermoacoustic heat transfer.
Therefore, in the present study, various functions (linear, exponential, logarithmic, sine, and Bessel) are
considered for the main flow temperature, and then their effect on the thermoacoustic parameters of the flow and
heat transfer is investigated.

Governing equations
The geometry of the problem is shown in Fig. 1.
r

T, Th
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Fig. 1. Geometry of the problem
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Where T,, Ty, a and L, are temperature of heat sink, temperature of heat source, radius of cylinder and length of
cylinder, respectively. The governing equations for thermoacoustic phenomenon include continuity, momentum,
energy, and the ideal gas law, which is written in the cylindrical coordinate system as follows

Continuity:
ap 10 ]
L —_ = 1
¢ T 7, () +5-(pu) = 0 1)
X- momentum:
du dp 10/ ou
R N 2
p6t+6x rar(rar) @)
r- momentum:
dp
L 3
ar =0 3)
Energy:
oT oT\ 10 aT dp
— — === — — 4
pcp(at”ax) rar<krar)+BTat )
The ideal gas law:
p = pRT ®)

Where u, v, T, p, p, ¢, k, uand p are axial component of thermoacoustic velocity, radial component of
thermoacoustic velocity, thermoacoustic temperature, thermoacoustic pressure, thermoacoustic density, specific
heat capacity, thermal conductivity, dynamic viscosity and coefficient of volumetric thermal expansion,
respectively. The thermoacoustic flow parameters are defined from the decomposition of the main flow
parameters and thermoacoustic oscillations as follows [2, 5]

u(r,x, t) = u'(r,x)eiwt (6)
v(r,x,t) = v'(r,x)et @)
p(r,x,t) = pp(x) + p'(r, x)e™* (8)
T(r,x,t) = Tp(x) + T'(r,x)e't 9)
p(x, ) = py + p'(x)e’* (10)

cte

Here, the quantities indicated by the subscript “m” are the main flow parameters. Using the concept of linearization
and substituting the thermoacoustic parameters of Egs. (6)-(10) into Egs. (1)-(5), the following equations are
obtained [2]

10 ou’ 0pm
: ! __ ! - ! — 11
iwp +pmrar(rv)+pmax+u Ep 0 (11)
) ,+1dp’_1916 ou’ 19
tou pm dx T 0T ’ or (12)

ror

,dTO) 10 aT’
dx

PoCp (in’ +u' — kr W) + iwp’ (13)

!

7P J

" Rpm  Pm

(14)

Where w, 9 and R are angular frequency, kinematic viscosity and gas constant, respectively. Eq. (12) can be
rewritten in the following form
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0%u' 1ou’ | 1 dp’

Sz toao U =o—

arz r or 9p,, dx (15)
u'(0,x) = finite

u'(a,x)=0

Here n? = iw/9. The oscillating velocity is obtained from solving Eq. (15) as follows

i dp Iy(nr)
v = 5 (1= e =
The radial average of oscillating velocity is introduced as follows
r=a
_ 2mi dp’ (a? aIl(na))
u'(x) = u'(r,x)2nrdr = —— —_—— 17
@ j (rooyzmrdr = S0 (5 - S a7)

Here, I, and I, are the modified Bessel functions of the first kind, of order zero and order one, respectively.
Combining Eqg. (13) and (14), a partial differential equation for the oscillating density is obtained as follows

a%p’ 16p 2 1 o Lr-t ¢? Iy(nr)
dar? r ar —¢r=< ( c? ) 9 dx (1 _Io(na)>
p'(0,x) = finite

p'(a,x)=p",

(18)

The oscillating density is obtained from solving Eq. (18) as follows

, , [ vr—1, 1 6 dp I,(qr) Pr 6 dp' Iy (nr)
pirx)=p',, = <_ cz P rTo Prﬁﬁ) <1 B 10((a)> B <1 - Prﬁﬁ) <1 - Io(na)> (19)
1 dTy

Where ¢ and Pr are sound wave speed and Prandtl number, respectively. Also, {? = iwPr/9 and 8 = o =

pl d;m Combining Egs. (11), (12) and (18) and taking the integral of f *2mrdr, an ordinary differential

equation for the oscillating pressure is obtained as follows

2 !

il 62(x) + 85()p’ = 0 (20)

51(35)

Here §,(x), 6,(x) and 53(x) are defined as follows

2 2 L0
O D) @
_ dé;(x) ¢* 0 2 L(a) 2 1,(na)
0 = = T 1= pr (z_alo(ca)_n_alo(na)> (22)
11(((1)
500 =1+0 - Dy tos (23)

From Eq. (17), using the boundary conditions u’(0) = wl and u’(L) = 0, two boundary conditions for Eq. (20)
are obtained as follows [14]

dp’'(0) Pm@?l
de  PUTT a2 al,(na) (24)
2mi (7 B 77]0(77‘1))
dp'(L)
=0 (25)

The work flux density is a criterion to characterize the local energy conversion of thermoacoustic process. It is
defined as follows [15]
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w(r, x) = %Real[ﬁ’u’] (26)

Here, the sign of ~ shows the complex conjugate of p’. The gain of work flux density can be defined as follows
[15]
_w(r,x)

G= w(0,0)

(27)

In the present study, various functions have been considered for the main flow temperature, which are given in
Table 1.

Table 1. Various functions for the main flow temperature

Function type Coefficient of A Coefficient of B
T, —T,
T,,(x) = Ax + B A=% B=T,
Th_TC TeL —T
T, =Ae*+B = —c h
m(x) = Ae A=—T— o
Th _Tc
= A= —m—— =
Tn(x) =Aln(x+ 1)+ B YRS B=T,
T,o(x) = Asi B a=tn I B=T,
m(x) = Asin(x) + = Sin(D) =T,
Th - Tc Tc]O (L) - Th
T,,(x) =AJ,(x) + B A=—2 ¢ B =
m) = Ao) ROES! Jo@ — 1

Validation

The Eq. (20), is an ordinary differential equation with variable coefficients. A finite difference technique is used
to solve it by bvpdc command of MATLAB [16]. In order to validate, the semi-analytical results of
thermoacoustic pressure of the present research for constant main temperature (6 = 0) have been compared with
the results of Rott [2]. Rott’s ordinary differential equation for oscillating pressure is as follows [2]

dx \w w? 1-Pr
dp'(0) _
dx pl
dp'(L)
L dx =0

d (c? dp’\ 2 (ff =f) dp’ N
<—2(1—f,- H)——Jijﬁa+(1+(y—l)fj)p =0

(28)

Here f; and f;" are defined as follows [2]
f _ih(ina)

7 inaj,(ina)
. ih (i¢a)

1= %al o

For the case of 8 = 0, the coefficients of Eq. (28) are constant, so it has an analytical solution of the following
form

(29)

(30)

' (x) = P1 (cos(lx)

~ 2 \tan(AL) + sin(Ax)) (31)

Here A2 is defined as follows
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,_ @+ =Df)
I O

The design parameters of cylinder are given in Table 2.

(32)

Table 2. Design parameters of cylinder

Parameter Value

Radius of cylinder a=0.025m
Length of cylinder L=1m
Diaphragm displacement [=0.001lm
Temperature of heat source T, = 600 K
Temperature of heat sink T, =300K

Main flow pressure Pm = 101 kPa
Specific heat capacity ¢, = 1007 kJ/kg.K
Dynamic viscosity u=187x%x10">Pa.s
Prandtl number Pr =0.73

Gas constant R =287]/kg.K

The validation results for the thermoacoustic pressure are shown in Fig. 2.
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Fig. 2. Validation results for the thermoacoustic pressure

It is observed that from Fig. 2 that the results of the semi-analytical solution and the analytical solution for the
thermoacoustic pressure are consistent.

Results and discussion

It is assumed that the diaphragm receives cosine excitation, so the real part of the thermoacoustic parameters is
plotted and examined. In Fig. 3, the thermoacoustic pressure is plotted versus axial location for the different
functions of the main flow temperature.
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Fig. 3. Thermoacoustic pressure versus axial location for the different functions of the main flow temperature

It is observed from Fig. 3 that the thermoacoustic pressure change with axial location is not very large. The
thermoacoustic pressure is a weak linear function of axial location. Therefore, thermoacoustic pressure gradient
is approximately constant for different functions of the main flow temperature. On the other hand, if the main
flow temperature is chosen as the Bessel function, the highest thermoacoustic pressure is achieved. Fig. 4 shows
the change of centerline thermoacoustic velocity in terms of axial location for the different functions of the main
flow temperature.
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Fig. 4. Change of centerline thermoacoustic velocity in terms of axial location for the different functions of the
main flow temperature

According to Fig. 4, the centerline thermoacoustic velocity varies linearly with axial location. On the other hand,
the effect of the main flow temperature function on the centerline thermoacoustic velocity is small. In basic
hydrodynamics knowledge, thermoacoustic velocity and thermoacoustic pressure are inversely related. The
highest thermoacoustic pressure occurs for the Bessel function, so the lowest thermoacoustic velocity occurs for
the Bessel function. Fig. 5 shows the change of centerline thermoacoustic density in terms of axial location for
the different functions of the main flow temperature.
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Fig. 5. Change of centerline thermoacoustic density in terms of axial location for the different functions of the
main flow temperature

It is observed from Fig. 5 that the change of centerline thermoacoustic density with axial location is a decreasing
function. The highest value of centerline thermoacoustic density is for the Bessel function. The centerline
thermoacoustic density decreases as axial location increases. The location of the heat sink is at the beginning of
the cylinder and the location of the heat source is at the end of the cylinder. Therefore, the thermoacoustic
temperature at the beginning of the cylinder is lower than at the end of the cylinder, and as a result the
thermoacoustic density at the beginning of the cylinder is higher than at the end of the cylinder. The change of
centerline thermoacoustic temperature in terms of axial location for the different functions of the main flow
temperature is shown in Fig. 6.
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Fig. 6. Change of centerline thermoacoustic temperature in terms of axial location for the different functions of
the main flow temperature

As shown in Fig. 6, the change of centerline thermoacoustic temperature with axial location is an increasing
function. On the other hand, the lowest value of centerline thermoacoustic temperature occurs for the Bessel
function. According to the ideal gas law, the relationship between thermoacoustic temperature and thermoacoustic
density is inverse. The thermoacoustic density is maximum for the Bessel function, so the thermoacoustic
temperature is minimum for the Bessel function. Fig. 7 shows the change of thermoacoustic velocity in terms of
radial location for the different functions of the main flow temperature.
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Fig. 7. Change of thermoacoustic velocity in terms of radial location for the different functions of the main flow

temperature

It is observed from Fig. 7 that the effect of the function of main flow temperature on the thermoacoustic velocity
is negligible. On the other hand, the velocity profile is uniform in the central region of the cylinder, but fluctuates
greatly in the region near the cylinder wall due to the presence of velocity gradients. Fig. 8 shows the change of
thermoacoustic density in terms of radial location for the different functions of the main flow temperature.
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Fig. 8. Change of thermoacoustic density in terms of radial location for the different functions of the main flow

temperature.

It can be seen from Fig. 8 that the largest density change occurs for the logarithmic function and the smallest
density change is for the Bessel function. On the other hand, thermoacoustic density gradient is more intense near
the cylinder wall than in the central region of the cylinder. Fig. 9 shows the change of thermoacoustic temperature
in terms of radial location for the different functions of the main flow temperature.
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Fig. 9. Change of thermoacoustic temperature in terms of radial location for the different functions of the main
flow temperature

It can be seen from Fig. 9, that the thermoacoustic temperature has the largest change for the logarithmic function
and the smallest change for the Bessel function. Compared to Fig. 8, the behavior of the thermoacoustic
temperature curve with radial location is the opposite of the behavior of the thermoacoustic density curve with
radial location. Because according to the ideal gas law, thermoacoustic temperature and thermoacoustic density
are inversely related. The gain of work flux density in terms of axial location for the different functions of the
main flow temperature in Fig. 10.
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Fig. 10. Gain of work flux density in terms of axial location for the different functions of the main flow
temperature

It is observed from Fig. 10 that the gain of work flux density decreases with increasing axial location. On the other
hand, the highest gain of work flux density is related to the logarithmic function and the lowest gain of work flux
density is related to the Bessel function. Fig. 11, shows the variation of gain of work flux density as a function of
radial location for the different functions of the main flow temperature.
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Fig. 11. Variation of gain of work flux density as a function of radial location for the different functions of the

main flow temperature

It is observed from Fig. 11 that the highest absolute value of the gain of work flux density is related to the
logarithmic function, and the lowest is related to the Bessel function. On the other hand, the difference in the gain
value for linear function and logarithmic function is not much. However, creating logarithmic temperatures
requires more economic cost. Therefore, from an engineering perspective, choosing linear temperature is more
appropriate because it has lower production costs and provides relatively good gain.

Conclusion

The following conclusion obtained from the present study

The comprehensive semi-analytical solution of the present study is capable of predicting the dynamic
behavior of the thermoacoustic system under various design and operating conditions. The results of this
solution are in good agreement with the analytical solution results of previous researches.

The variation of thermoacoustic velocity with the function type of the main flow temperature is
negligible.

The thermoacoustic pressure, temperature and density change greatly with the type of the function of
main flow temperature.

The highest gain of work flux density is obtained for the logarithmic function of the main flow
temperature. However, the cost of creating a logarithmic function is high from an engineering
perspective.

A linear function for the main flow temperature can provide a relatively good gain of work flux density
and is easy to create from an engineering perspective.
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