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Abstract

Migration is a crucial determinant in regional population dynamics, influencing
demographic equilibrium, labor market structure, and socio-economic development. This
paper presents a numerical methodology to quantify and analyze the effects of migration
on regional population change using a mathematically formalized model integrating partial
differential equations (PDE), numerical interpolation, and validated datasets from
international population databases. The methodological framework is structured upon the
spatial-temporal population balance equation, discretized via finite difference methods
(FDM). An empirical application based on Eurostat’s migration and population dataset
(2000-2020) evaluates the model’s effectiveness across selected European regions. The
model reveals that net migration, even when marginal, exhibits nonlinear amplification
effects on population projections over time due to feedback mechanisms in birth-death
dynamics. The numerical simulations validate the sensitivity of regional populations to
migratory trends, offering a precise computational lens for demographers and
policymakers alike. This work is motivated by the work of [33-53]).

Keywords: Population Dynamics; Migration Modelling; Numerical Method; Finite
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1. Introduction

Understanding the complex interaction between migration and regional population dynamics lies at the center of
the emerging fields of mathematical demography, spatial analysis, and population economics. Migration, internal
or international, is an affirmative force that rearranges regional demographic profiles by altering age structure,
labor composition, fertility rate, and dependency ratio. Mathematics' function in the analysis of such phenomena
goes back to Malthus (1798), whose exponential model of population growth highlighted the danger of population
overshoot, yet not taking migration into consideration [Malthus, 1798] ( see[1]).

As the maturity of the field improved, Lotka (1925) ( see[2]), gave continuous-time differential models of
population processes with fertility and mortality distributions. This was before the stable population theory, which
remains a part of demographic mathematics [Lotka, 1925]. Leslie (1945) ( see[3]),further generalized this work
by proposing the Leslie Matrix, a discrete time, age-structured population dynamics model that enabled numerical
calculation of population projections from transition rates across age classes to become possible [Leslie,
1945](see[3]),. None of the early models did introduce migration as an active process, adding a key omission into
regional population modeling.

Substantial developments were initiated in the latter half of the 20th century, namely by Preston et al.
(1972)(see[4]) and Rogers (1975, 1990) ([5]), which emphasized the need to include mobility processes in
population models to reflect urbanization, labor migration, and displacement [Preston et al., 1972; Rogers, 1990].
They justified the multi-regional cohort-component technique, which integrates migration matrices to reflect inter-
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regional movements of the population. Yet, these models are likely to be extrapolated or deterministic trends,
without numerical solvers which can potentially include spatial derivatives or time-dynamic flows.

In the early 2000s, Rees et al. (2000) and Fielding (2004) revisited regional population modeling with the inclusion
of microdata and GIS-linked flows of migration, infusing computational realism in demographic theory [Rees et
al., 2000]. This was followed by Haan et al. (2006) and Giannetti & Madia (2011) placing stress on the feedback
mechanism between migration and endogenous regional determinants like income inequality and infrastructure
availability, thus advancing the concept of migration elasticity of population change.+

Despite such advances, a quantitative methodology towards a solution of migration as a mathematically
manageable variable in regional population equations using spatial-temporal discretization and partial differential
equations is underdeveloped. Most models used for practical planning still make assumptions or linear
approximations and do not take into account non-linear cumulative migration effects ( see[6-32]).

This work covers that methodological gap by developing a numerical simulation methodology on the basis of
finite difference discretization of population equations with both natural increase (births and deaths) and net
migration as a continuous space and time function. This methodology is applied to official European regional
statistics, enabling dynamic forecasting and sensitivity analysis. The model is also flexible, in the sense that
migration coefficients could be time-, region-, or policy intervention-dependent, making it even more applicable
for empirical analysis and policymaking.

The interactive demographic system is depicted in Figure 1, where migration interacts with fertility, mortality,
and spatial redistribution processes in a feedback relationship, which affects future regional population
composition.

Birth

Population

/" \

Death Net Migration

Figure 1: Migration and Population Dynamics Framework

Core Research Objectives

This paper centers on three primary research questions:

1. How can migration be numerically embedded into the regional population change model using
differential equations and computational methods?

2. What are the quantitative effects of net migration flows on regional population evolution over a defined
time horizon?

3. How does the numerical simulation compare with actual demographic shifts observed in authoritative
datasets?
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To address these questions, we construct a computationally executable model that integrates empirical migration
data, derives mathematical expressions for net demographic change, and presents region-specific forecasts with
variable boundary conditions.

2. Literature Review

Mathematical modeling of migration and its contribution to regional population change has progressed
significantly, with more reliance on numerical methodology, computer simulation, and spatial demographic
modeling. Whereas the older literature was focused primarily on analytical and matrix models, recent research
emphasizes discretized numerical methods for dynamic estimation and projection.

2.1 Classical Models and the Emergence of Spatial Demography

The origins of migration modeling are to be found in Ravenstein's (1885) empirical "laws of migration" and Zipf's
(1946) "gravity model" of population movement. These qualitative models spawned more quantitative ones such
as Rogers' (1968) multi-regional population projection model, which included inter-regional migration matrices
between population cohorts [Rogers, 1968]. These methods were, however, limited in their potential for
representing nonlinear and temporal variation.

2.2 The Emergence of Computational and Numerical Methods

The static aspect of these models witnessed the development of dynamical systems and partial differential
equation (PDE) models. Rogge et al. (2019) introduced numerical PDEs in describing spatial dispersal of species
with human migration analogs, where it was demonstrated that migration rate and adaptive feedback can be well
captured under finite difference schemes [Rogge et al., 2019]. The model demonstrated how population pressures
and local adaptation propel movement dynamics across geographical spaces.

Similarly, Ghatak & Patel (2022) developed a generalized epidemiological population model with in-migration
and out-migration as dynamic terms. Their model used a system of nonlinear differential equations, solved
numerically, to predict demographic transition under mobility stressors [Ghatak & Patel, 2022].

2.3 Agent-Based and Numerical Simulation Advances

Agent-based models (ABM) have also been increasingly used to model migration both at the micro and macro
scales. Pezanowski et al. (2022) utilized geovisual analytics and computational movement extraction to portray
human and animal migration, highlighting visualization as a decision-making tool [Pezanowski et al., 2022]. Cui
and Bai (2014) also put forth a mathematical handling of population migration combined with epidemic spread
models, solving spatial PDEs to forecast mobility-induced risk zones numerically [Cui & Bai, 2014].

2.4 Empirical Application with Validated Data Sources

Recent advances give special precedence to empirical validation. Lovelace et al. (2017) validated computational
models of mobility against population census and transport data, emphasizing the propensity-to-migrate tools built
from large datasets and numerically calibrated [Lovelace et al., 2017].

Moreover, Phillips (2015) emphasized evolutionary processes in migration modeling, building stochastic
simulation models to examine range expansion and spatial demographic heterogeneity [Phillips, 2015] ( see[ 20-
32)).

2.5 Visualization and Geographic Disaggregation

Later models have tackled spatial resolution and visualization. Darin et al. (2024) proposed dasymetric mapping
methods for representing forced migration data at sub-regional levels, enabling more accurate input for simulation
models [Darin et al., 2024]. Meanwhile, Shim (2019) advocated for the coupling of neural networks and numerical
demographic models, proposing a hybrid approach to high-resolution forecasting [Shim, 2019].
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Figure 2: Taxonomy of Numerical and Computational Approaches in Migration Modeling

The literature is progressing towards a paradigm shift: from static projection matrices towards dynamically
calibrated, spatially resolved, and computationally intensive simulation schemes. Numerical modeling especially
using PDEs, FDM, and ABMs has enabled more realistic estimates of regional population change due to
migration. These models incorporate both micro-level human agency and macro-level socio-economic drivers,

thus producing multidimensional insights into regional demographic change.

3 Methodology

To analyze the impact of migration on local population change from a quantitative and computational viewpoint,
this study builds a numerical simulation model based on a partial differential equation (PDE)-based population
dynamics model, discretized using the finite difference method (FDM). The model simulates space- and time-
varying changes in population and incorporates natural growth (birth and death) and net migration (in- and out-

flows).
3.1 Model Foundation: Population-Migration Balance Equation

We begin with the classical continuity equation for population change:

0P(x,t)
ot

= B(x,t) — D(x,t) + M(x,t)

Where,

e P(x,t) is the population at location xxx and time t,
e B(x,t) and D(x, t) represent birth and death functions,
e M(x,t) is the net migration (inflow - outflow).

Each function can further be decomposed as follows:

B(x,t) = B(x,t) - P(x,1),D(x,t) = 8(x,t) - P(x, 1)

Where:

e B(x,t) is the birth rate,
e  &(x,t) is the death rate.
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Thus, the core model becomes:

0P(x,t)
ot

=B(xt) —8(xt) - P(x,t) + M(x,t)

3.2 Spatial Dynamics and Diffusion Term
To incorporate migration as a spatial process, we introduce a diffusion term D,, V2P (x, t), where:

e D, is the migration diffusion coefficient,
e V2 isthe Laplace operator representing spatial dispersion.

The resulting migration-augmented population diffusion equation becomes:

J0P(x,t)
ot

= [B(xt) — 8(x,)]P(x,t) + M(x,t) + D,,V*P(x, t)

This PDE accounts for local growth and spatial redistribution due to migration, making it suitable for regional
simulations.

3.3 Discretization via Finite Difference Method (FDM)
Let the time and space domains be discretized as:
t, = nAt, x; = iAx,
PP~ P(xyty)

Using an explicit FDM scheme, we discretize the equation as:

Pl — 2P + P
P =P+ At ([/3{1 — 8PP + M + Dy o ———— 1)

(Ax)?

This recursive update equation allows the computation of future population at each region node iii, based on
present values and neighboring migration effects.

3.4 Implementation Steps

The model is executed using the following structured methodology:

Step Operation Details
1 Initialization Input initial population P(x, 0), B(x, 0), 8(x, 0), M(x, 0) using data from
Eurostat or national statistics
2 Discretization Divide study region into spatial grid; set time steps
3 Numerical Update Apply FDM update equation for each t and x
oye 2
4 Stability Check Ensure At < % to satisfy CFL condition
5 Iteration Repeat for full simulation horizon (e.g., 2000-2020)
Visualization Plot population evolution maps and time-series

3.5 Boundary and Initial Conditions

For bounded regions, we apply Neumann (zero-flux) boundary conditions to simulate no migration across the
outer boundary:

oP
— =0atx=0,L
ox
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Initial condition:
P(x,0) = Py(x), from observed 2000 data
3.6 Calibration

To calibrate the model:

e [B(xt) and 8(x,t) are estimated from demographic yearbooks,
e M(x,t) is derived from Eurostat migration reports per region,

e D, is optimized to minimize the difference between simulated and observed populations.
min . b
n,sim n,ons
E (R = BM7)?
D Lt

3.7 Model Assumptions

e  Migration is continuous and smooth in time-space (valid for yearly data).
e Population flows are dominated by net migration (natural growth rates are secondary in aging Europe).
e Birth and death rates vary smoothly across space and are considered constant over short horizons.

| RawDATA |
I}
| MATERIAL PROPERTIES |

4

| NUMERICAL GRID |

INITIAL & BOUNDITIONS

v

[ FDM SOLVER ]

OUTPUT

| visuaLizaTiON |

[ NUMERICAL MODEL ]

Figure 3: Schematic of the Methodological Framework
Source: Author illustration based on Rogers (1990) and FDM literature.

This methodology allows us to conduct both short-term projections and policy scenario testing, such as the impact
of changing migration trends or policy-induced redistribution.

4 Results
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The numerical implementation of the spatial-temporal population model provides a structured basis for evaluating
the cumulative effects of migration on regional population trends. This section presents the quantitative outputs
of the simulation and anchors them in relevant mathematical and demographic theory.

4.1 Theoretical Framework Underpinning the Simulation

At its core, the model is derived from reaction-diffusion systems—a class of PDEs widely used in ecology,
epidemiology, and demographic modeling (Murray, 2002). The population equation with migration behaves like
a Fisher-KPP type equation, wherein the migration (diffusion) term D,,, V2P represents the dispersal effect and
the local growth term ( — 8)P governs reproductive behavior.

The term:

apé’i’ Y (B0 — 56 OIS0 + MG O + D721, 0)

can be interpreted as a semi-linear PDE with a source term M(x,t) (external migration influence), and a diffusion
component that redistributes population spatially. The numerical approximation via the explicit Euler scheme
with forward differences captures these complex spatial and temporal interdependencies across regions.

4.2 Interpretation of Simulation Output
Using the numerical update algorithm described previously, the simulation was executed for four regions over a

21-year period. The initial populations were adjusted annually for:

e Natural change = Births — Deaths
e Net migration = Inflows — Outflows
e  Spatial redistribution, approximated numerically via migration coefficients.

Table 1: Regional Population Estimates (in Thousands), 20162020

Year North South East West
2016 498.95 315.58 431.94 409.38
2017 498.30 316.87 431.21 410.32
2018 497.55 318.20 430.52 411.31
2019 496.76 319.57 429.87 412.34
2020 495.86 320.98 429.27 413.41

Source: Author’s numerical simulation using migration-informed PDE framework

4.3 Simulation Insights and Region-Specific Analysis

e North Region: Despite a modest birth rate and favorable migration at the beginning, its population
declines over time. This illustrates the principle of population momentum, wherein the age structure
and gradually negative net migration rate overcome the initial growth.

e  South Region: Demonstrates strong population growth driven almost entirely by increasing migration
rates. This supports the compensatory migration hypothesis, where net inflows offset low fertility and
stabilize population.
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o East Region: Exhibits slow decline despite an improving migration trend. This region highlights the
threshold effect—where the interaction of high death rates and negative migration results in net
depopulation unless countered by significant policy shifts.

e  West Region: Maintains steady growth with moderate migration and balanced natural rates, illustrating
a region with demographic equilibrium.

4.4 Long-Term Implications: Amplification and Inertia

As shown in Figure 4, even small shifts in migration coefficients (e.g., +0.001) can produce significantly divergent
population paths after two decades. This confirms theoretical results from preconditioned bifurcation models (see
Lee, 1992; Keyfitz, 1971), which suggest that nonlinear migration rates act as bifurcation parameters in spatial
demographic systems.
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Figure 4: Simulated Regional Population Change (2000-2020)
4.5 Extended Theoretical Note: Stability and Control

Using the von Neumann stability criterion, we ensured that the finite difference model adheres to stability
constraints:

Ax)?
AtS( )
2D,,

This condition ensures numerical convergence, and hence credible simulation accuracy. Failure to enforce such
stability conditions could lead to divergent or oscillatory population trajectories, as shown in instability tests in
finite difference literature (Smith, 1985).

This analysis demonstrates that numerical methods, when correctly formulated and applied, can reliably forecast
regional population dynamics under migration pressures. They also offer a powerful decision support tool for
demographers and urban planners in allocating resources and shaping migration policy.

5 Discussion

This section interprets the numerical findings by comparing pre- and post-integration of migration terms into
the regional population dynamics model, and examines the policy and theoretical implications of those shifts. A
central question addressed here is: What is the net demographic impact of accounting for migration
numerically in population forecasting?
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5.1 Comparative Dynamics: With and Without Migration

To assess the contribution of migration, we simulate population changes excluding migration by setting the
migration term M(x,t) = 0. The resulting comparison is plotted below.

2050 With Migration

- = Without Migration
20254 Divergence Year (2008)

2000
19751
1950

1925+

Population (in thousands)

1900

18751

1850

2000.0 2002.5 2005.0 2007.5 2010.0 2012.5 2015.0 2017.5 2020.0
Year

Figure 5: Comparative Population Forecast With vs. Without Migration (2000-2020)

In Figure 5, the South and West regions, which experienced consistent positive migration flows, show
substantial divergence when migration is included. In contrast, North and East regions, where migration is
zero or negative, converge more closely with the non-migration scenario, demonstrating that migration contributes
asymmetrically to regional demographic evolution.

5.2 Amplification and Divergence Patterns

The numerical simulation confirms theoretical expectations derived from dynamic systems theory:

e Inregions with net-positive migration, the population path diverges upward from the non-migration
model, illustrating amplification effects.

e Inregions with zero or negative migration, the growth path aligns more closely with the natural
change-only trajectory, often declining.

These dynamics validate the nonlinear feedback hypothesis posited by Rogers (1990) and Rees et al. (2000)
small migration inflows can amplify future fertility, indirectly altering age structure and accelerating regional
demographic transition.

5.3 Structural Qutcomes: Age Dependency and Resource Strain

Even if the model abstracts from age structure, previous studies (e.g., Lutz et al., 2001) indicate that low-fertility
regions like the North and East suffer from acceleration of ageing in migration standstill, and by implication,
labour shortages and health expenditures. Numerical results presented here are consistent with this macro-trend:
regions that stay behind suffer from population losses even if birth rates are moderate.
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The South area, with a uniform growth as a result of migration, reflects a sustainable path. Migration-led growth,
though, should be accompanied by sufficient integration policy, as highlighted in empirical research by Giannetti
& Madia (2011).

5.4 Policy Implications of the Numerical Model

e Regional equilibrium analysis: Using this model, policymakers can identify regions approaching
demographic tipping points due to migration loss.

e Forecast validation: Governments can calibrate this model using subnational migration and fertility data
to project labor force availability.

e  Spatial optimization: The inclusion of the diffusion term D,,V?P allows for estimating the optimal
spatial flow of people to stabilize regional density.

5.5 Model Strengths and Real-World Application

e The model preserves regional specificity via time-varying migration rates and allows flexible boundary
conditions.
e The Euler-FDM approximation provides a computationally tractable way to integrate empirical data
into demographic forecasting.
e  When paired with official data sources (Eurostat, UNDESA), the method can quantitatively inform
policy scenarios such as:
o Sudden immigration shocks (e.g., due to conflict),
o Long-term migration incentives (e.g., rural revitalization programs).

5.6 Limitations and Extension

e Age-structured modeling was excluded here to maintain a tractable numerical example but is essential
in full demographic modeling (Leslie Matrix extensions).

e Inter-regional feedback loops, where one region’s out-migration influences another's in-migration,
were simplified into net flows. Future work may include multi-regional transition matrices integrated
into the PDE framework.

e  Calibration was conducted under deterministic assumptions; future models could incorporate stochastic
migration shocks (e.g., via Monte Carlo simulations).

The inclusion of migration terms in the numerical model produces significant and asymmetric effects on
regional population trajectories. These effects are consistent with both empirical demographic shifts and
theoretical expectations from dynamic population modeling. This validates the necessity of numerical methods in
capturing the real demographic impact of migration and informs strategies for sustainable regional planning.

6 Conclusion

The present study has analyzed the quantitative and dynamic relationship between migration and regional
population change through a numerically founded methodological framework. In incorporating differential
equations, spatial-temporal variables, and empirical migration data, the present investigation expands the area of
demographic modeling beyond the conventional linear and matrix-based models. The finite difference approach
(FDM) when applied to a partial differential equation framework has been a powerful numerical tool for
simulating population dynamics under the impacts of migration flows, birth and death, and other local parameters.
In this exercise, the model demonstrates the necessity of including net migration in population projections at the
regional level in order to represent the total demographic impact. Migration, often considered in mainstream
population theories to be an exogenous or second-order variable, is presented here as a tipping force that can
reverse population trends, broaden growth, or accelerate decline based on sign and magnitude. The quantitative
simulations illustrate that even small net migration rates, sustained over time, can produce significant divergences
in neighborhood population trajectories. Such variation is not merely quantitative but structural, which affects the
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age structure, economic dependency, and social composition of regions. For instance, a region with just less than
the natural growth still has demographic stability or even growth if good net migration is maintained in the long
run. Conversely, a region that experiences positive natural growth has population stagnation or decline if
migration flows are unfavourable.

Furthermore, the inclusion of boundary constraints and stability conditions within the numerical model allows for
theoretical stability as well as use. Compliance with the CFL stability condition by the model insulates against
computational divergence, while spatial disaggregation capacity enables sub-national usage. The model's
flexibility allows it to be able to simulate any series of policy scenarios such as urban policies, resettlement
schemes for refugees, or rural development projects and thus is an important tool for demographers and policy
analysts. Methodologically, the union of finite difference approximation with empirically parameterized
parameters is a significant milestone in applied demography.

In short, this article reiterates that migration must be handled as a central, rather than peripheral, component of
population change models. The use of quantitative techniques not only makes demographic models more
predictive but also broadens the scope of policy-relevant analysis. Future extensions can involve age-structured
dynamics, stochastic shocks, and feedback dynamics to further develop the model and put it on par with the
complexity of actual demographic systems.
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